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A reanalysis of pipi amplitudes for all important partial-waves below about 2 GeV is presented.
A set of once subtracted dispersion relations with imposed crossing symmetry condition is used
to modify unitary multi-channel amplitudes in the S, P , D, and F waves. So far, these specific
amplitudes constructed in our works and many other analyzes have been fitted only to experimental
data and therefore do not fulfill the crossing symmetry condition. In the present analysis, the
self consistent, i.e. unitary and fulfilling the crossing symmetry, amplitudes for the S, P , D, and
F waves are formed. The proposed very effective and simple method of modification of the pipi
amplitudes does not change their previous-original mathematical structure and the method can be
easily applied in various other analyzes.
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I. INTRODUCTION
The enthusiasm in the analysis of ππ interaction am-
plitudes has been increased significantly quite recently.
Especially important were numerous works on disper-
sive analyzes of experimental data made by Bern [1] and
Madrid-Krako´w [2] group. The significant progress was
made when the analyzes began to effectively use theoret-
ical constrains i.e. crossing symmetry condition imposed
on the amplitudes found in experimental analyzes. This
was particularly important because of big differences be-
tween results obtained by various experimental groups
and even between data sets found in the same experi-
mental analysis [3, 4].
Those dispersive analyzes had immediately large im-
pact on the spectroscopy of light scalar mesons (i.e.
f0(500) and f0(980)) which is evident comparing the ta-
bles of the Particle Data Group from the years 2010
and 2012 [5, 6]. The analyzes provided also a set of
all important amplitudes (S, P , D and F ) well describ-
ing experimental data up to 1420 MeV and 2000 MeV
in case of works done by the Madrid-Krako´w and Bern
group, respectively. In both those analyzes the S and
P wave amplitudes were fitted also to dispersion rela-
tions with imposed crossing symmetry constrain below
1100 MeV. The Bern group was using Roy equations
[7] which need two subtractions and found analytical so-
lution below 800 MeV. The Madrid-Krako´w group also
used Roy equations and additionally Roy like ones, so
called GKPY equations with only one subtraction what
gave more precise output amplitudes. The amplitudes of
higher partial-waves, D and F , were also fitted to such
dispersion relations but only indirectly by means of the
Roy or GKPY equations, i.e. they were present in the
kernel part of the equations written for the S and P
waves.
An example of practical application of the GKPY
equations is our last reanalysis of the S- and P -wave
multi-channel amplitudes [8] constructed in a previous
analysis by fitting the experimental data only [9]. One
of the most spectacular effects given by the GKPY equa-
tions was a shift of the f0(500) pole by several hundred
MeV towards the position indicated by the analyzes of
the Bern and Madrid-Krako´w group. It is important to
note that this reanalysis was done keeping the original
mathematical structure of the amplitudes proposed in
the work [9].
The aim of this work is to perform similar but more
extensive reanalysis of the multi-channel ππ amplitudes
including the S, P , D, and F partial waves important in
the low energy region (below 2 GeV). The initial ampli-
tudes, in the following denoted as “original”, were fitted
only to the experimental data and are taken from our pre-
vious analysis (S0 [8] and P1 [9], hereafter we will use
notation ℓI if needed (ℓ-meson-meson partial wave and
I-isospin)) or are updated in this work utilizing a form
from [10] (D0 and F1). To perform this analysis we use
the GKPY equations for the D and F waves constructed
and presented in [11], which have not been used so far in
the analysis of amplitudes. The final amplitudes are con-
strained by both the experimental data and the GKPY
dispersion relations (i.e. by crossing symmetry). As the
reanalysis is not too much effective for higher partial-
waves, particularly for F1, parameters of this amplitude
are expected to be only weakly changed. In the analy-
sis, only some parameters of the amplitudes are changed
which do not alter the mathematical structure of the orig-
inal amplitudes, similarly as in our previous analysis of
the S and P waves [8].
The reanalyzed partial-wavemulti-channel amplitudes,
constrained also by the crossing symmetry, can be uti-
lized in accounting for the final-state interactions in the
decays of heavy mesons and in photoproduction pro-
cesses, for example, in the CLAS12 and GlueX exper-
iments at JLab. The amplitudes can also be used in
constructing a full ππ amplitude giving the cross section
at low energies.
The paper is organized as follows: in Section II we
2briefly remind the method and results of our previous
analysis of the S0 and P1 partial-wave amplitudes done
in [8]. In Section III we present new D0 and F1 ampli-
tudes fitted to experimental data. In Section IV we detail
the method and give results of the dispersive analysis for
all considered partial-waves. Section V is devoted to dis-
cussion of obtained results. Here we also show results for
the low-energy total and differential cross sections in the
π+π− scattering. Summary of results is in Section VI.
II. DISPERSIVE ANALYSIS OF THE S- AND P -
WAVE AMPLITUDES
In our previous work [8] we reanalyzed the S- and P -
wave amplitudes constructed in [9] refitting some of their
parameters simultaneously to experimental data and to
GKPY dispersion relations. These multi-channel ampli-
tudes are unitary and analytic on the Riemann surface
with free parameters that are just positions of poles on
different Riemann sheets and few background parame-
ters. Such simple and not biased mathematical struc-
ture makes interpretation of obtained results very easy
and unambiguous. In analysis [9] these amplitudes were,
however, fitted only to very dispersed experimental data
from various experiments what resulted in pole positions
sometimes very different from those obtained in other
analyzes and from those in Particle Data Group Tables.
In the analysis [8] the original mathematical structure
of the resonant and background parts of amplitudes from
[9] was not changed. The only novelty was a new param-
eterization of the near threshold amplitudes, which was
necessary due to the total lack of description of the phase
shifts in this region [9]. Polynomials were, therefore,
added to both S and P amplitudes and the phase shifts
(values and the first derivatives) were smoothly matched
below the KK¯ threshold, at about 400 and 600 MeV
for the S and P waves, respectively. In Ref. [8] we also
constructed a “new” S-wave isoscalar amplitude here-
after called New S-wave fitting its parameters only to
the data, what improved behavior of the amplitude. In
the subsequent analysis both “Old” [9] and New S-wave
isoscalar amplitudes were used.
In analysis [8] the strategy of our work was follow-
ing: the Old (New) S-wave isoscalar and the old isovec-
tor P -wave [9] amplitudes, both supplemented with the
near threshold polynomials, were used as the input in the
GKPY equations that have a general form
Re tI
(OUT )
ℓ (s) =
2∑
I′=0
CII
′
tI
′
0 (4m
2
π)
+
2∑
I′=0
3∑
ℓ′=0
−
∞∫
4m2π
ds′KII
′
ℓℓ′ (s, s
′) Im tI
′ (IN)
ℓ′ (s
′) , (1)
where tI
′ (IN)
ℓ′ (s
′) and tI
(OUT )
ℓ (s) are the input and output
amplitudes, respectively, in a given partial-wave ℓ, ℓ′ with
isospin I, I ′. The CII
′
is the crossing matrix constant
and KII
′
ℓℓ′ (s, s
′) are kernels constructed for partial-wave
projected amplitudes with the imposed s ↔ t crossing
symmetry condition. The kernels for the S and P waves
were presented in [2].
As it is seen in Eq. (1), one has to use the imaginary
parts of all important partial-wave amplitudes as an in-
put. We took, therefore, these important amplitudes,
S2, D0, D2 and F1, directly from Ref. [2] and kept them
fixed during the analysis. Finally we fitted some param-
eters of the S0 and P1 amplitudes simultaneously to the
experimental data and to the dispersion relations (1). As
a result, the f0(500) pole moved by several hundred MeV
to a new position close to that found in dispersive ana-
lyzes [15, 16].
The minimized full χ2 function was composed of two
data terms χ2Data(k), related with data in the S and P
waves, and of three terms χ2DR(k) for the output ampli-
tudes from the dispersion relations
χ2 =
2∑
k=1
χ2Data(k) +
3∑
k=1
χ2DR(k), (2)
where k = 1, 2, 3 itemizes, respectively ℓI partial-waves:
the S0, P1 and S2. Corresponding χ2Data(k) and χ
2
DR(k)
were expressed by
χ2Data(k) =
Nkδ∑
i=1
(δexpi − δthi )2
(∆δexpi )
2
+
Nkη∑
i=1
(ηexpi − ηthi )2
(∆ηexpi )
2
(3)
and
χ2DR(k) =
NDR∑
i=1
[
Re tI
(OUT )
ℓ (si)− Re tI
(IN)
ℓ (si)
]2
[
∆Re tI
(OUT )
ℓ (si)
]2 , (4)
where δexpi (or η
exp
i ) and δ
th
i (or η
th
i ) are experimental and
our-theoretical phase shifts (or inelasticities) and Nkδ (or
Nkη ) are numbers of the data points for phase shifts (or in-
elasticities) of the S0 and P1 partial-waves in considered
coupled channels. Symbol NDR is a number of energy
points between the ππ threshold and 1100 MeV, at which
we calculated χ2DR(k) (for all three waves NDR = 26 was
chosen) and ∆Re tI
(OUT )
ℓ (si) are fixed to 0.01 in order to
make the χ2DR(k) comparable with the χ
2
Data(k).
Let us here notice that terms χ2DR(k) are in fact not
χ2 functions but rather squared weighted differences be-
tween the input and output amplitudes. For simplicity
we keep, however, the name χ2 for these terms.
III. NEW ANALYSIS OF THE D- AND F -WAVE
EXPERIMENTAL DATA
The experimental data for the ππ scattering in the D0
and F1 waves were analyzed in Refs. [9, 10] to study
the f2 and ρ3 mesons. In presented here analysis the
3S-matrix formalism for N coupled channels was utilized
similarly as in our previous dispersive analysis of S and
P waves [8]. Due to the large number of opened channels
in the D and F waves the uniformizing variable (see Eq.
(1) in [8]) could not be used and therefore, the Jost ma-
trix determinant was constructed using the multi-channel
Breit-Wigner forms.
In the present analysis we have used the same formal-
ism for the D0 and F1 waves as in Refs. [9, 10] and
updated the list of contributing resonance states for the
D0 wave according to the latest issue of PDG [14]. The
corresponding free parameters were fitted to experimen-
tal data. In the case of F1 wave we have found that
enough is only one resonance state ρ3(1690) and have
constructed a reasonable description also in the thresh-
old region. These updated D0 and F1 amplitudes were
then used in the analysis with the GKPY equations taken
from [11] (see IVC). In the following subsections we give
more details on the formalism and construction of the
New D0 and New F1 amplitudes.
A. Formalism
The matrix elements Sij of the N -channel S matrix
(i, j = 1, 2, ...N) are expressed via the Jost matrix de-
terminant, d(k1, k2, ...kN ) (ki are the channel momenta),
using the Le Couteur–Newton relations [9, 10]. These
expressions together with the formulas of analytical con-
tinuation of the matrix elements to the unphysical sheets
naturally generate the resonance poles and zeros on the
Riemann surface. The Jost determinant is considered in
a separable form d = dbgr dres. The resonance part is
described by the multi-channel Breit-Wigner form
dres =
∏
r

M2r − s− i
N∑
j=1
ρ2J+1rj Rrjf
2
rjθ(s− sj)

 , (5)
where s is the invariant total energy squared, Mr and
J = ℓ are the resonance mass and spin, respectively,
ρrj = 2kj/
√
M2r − sj with sj the channel thresholds, Rrj
are the Blatt-Weisskopf barrier factors, and the free pa-
rameter frj is related with a decay width of a resonance
r into a channel j.
The background part dbgr, which represents mainly an
influence of neglected channels and resonances, adds in
general an energy dependent phase in each channel.
B. Fits for the D wave
In the analysis of the data in the tensor-isoscalar sec-
tor we have considered explicitly the channels: 1- ππ, 2-
effective (2π)(2π), 3- KK¯, and 4- ηη. The resonant part
of the Jost determinant, d(k1, k2, k3, k4), is then given by
the four-channel Breit-Wigner form (5) with J = 2 and
the barrier factor
Rrj =
9 + 34 (
√
M2r − sjrrj)2 + 116 (
√
M2r − sjrrj)4
9 + 34 (
√
s− sjrrj)2 + 116 (
√
s− sjrrj)4
, (6)
where the radii rrj have a common value 0.943 fm [10]
which was kept constant in our analysis.
In the set of resonance states contributing to the pro-
cess we have considered eleven states presented in the
PDG summary table [14]: f2(1270), f2(1430), f2(1525),
f2(1640), f2(1810), f2(1910), f2(1950), f2(2010),
f2(2150), f2(2300), f2(2340). We have not included the
broad state f2(1565) which was not listed in the pre-
vious issue of PDG and which can be mimic by the
nearby state f2(1525). The masses of the resonances were
taken from the PDG tables but in the curse of fitting
f2(1430), f2(1525), f2(2010), f2(2300) and f2(2340) res-
onance masses were allowed to change slightly within an
interval of several standard deviations around the central
value. The partial widths of the resonances, the param-
eters frj in (5), were fitted to the data.
The background part of the Jost determinant was
taken from [9] and has the form
dbgr = exp

−i
4∑
j=1
(
2kj√
s
)5
(aj + ibj)

 , (7)
where a2 = a3 = a4 = 0,
a1 = α11 +
s− s3
s
α13 θ(s− s3) + s− sv
s
α10 θ(s− sv),
bj = βj +
s− sv
s
γj θ(s− sv), for j = 1, 3, 4 ,
and b2 = 0. The threshold sv = 2.274 GeV
2 accounts for
effects from the channels ηη′, ρρ, and ωω not included ex-
plicitly in the analysis. The parameters α11, α13, α10, βj ,
and γj were fitted to the data.
The experimental data for the ππ scattering are from
the energy-independent analysis by Hyams et al. [12]
and the data for inelastic scattering ππ → KK¯, ηη from
Ref. [13]. To warrant a right behavior of the elastic phase
shifts in the threshold region, i.e. a consistency with the
scattering length and the slope parameter taken from [2],
we have included in the data set also the sixteen points
(pseudo data) generated in the range 282-825 MeV by
the phenomenological amplitudes [2] with errors about
10%.
In successive fitting of the parameters to the data
we found a solution with χ2/n.d.f. = 242.28/(199 −
58) = 1.72 where the value without the pseudo data is
χ2/n.d.f. = 239.28/(183− 58) = 1.91. The parameters
of resonances of the New D0 amplitude are given in Ta-
ble I and a comparison with the old D0 amplitude [9]
is shown in Figs. 1 and 2. The background parameters
are: α11 = 0.00096, α13 = −0.04105, α10 = −0.186,
β1 = −0.0531, β3 = −1.99, β4 = −1.47, γ1 = 0.00128,
γ3 = 1.99, and γ4 = 1.43.
4state PDG Mr fr1 fr2 fr3 fr4
f2(1270) 1275.5 ± 0.8 1275.5 459.3 0.001 204.0 91.3
f2(1430) 1430 1463.2 42.3 0.12 346.8 0.02
f2(1525) 1525 ± 5 1570.7 0.01 207.5 128.4 96.3
f2(1640) 1639 ± 6 1639.0 145.3 524.4 430.5 233.5
f2(1810) 1815 ± 12 1815.0 163.5 279.2 497.2 590.3
f2(1910) 1903 ± 9 1903.0 0.077 65.3 0.067 371.3
f2(1950) 1944 ± 12 1944.0 5.01 59.5 625.7 97.9
f2(2010) 2011 ± 62 2027.0 0.001 146.4 457.1 0.5
f2(2150) 2157 ± 12 2157.0 0.015 445.8 148.1 354.6
f2(2300) 2297 ± 28 2181.6 78.14 74.9 818.3 169.5
f2(2340) 2345 ± 40 2383.3 46.20 7.1 633.2 163.8
TABLE I: Parameters of the Breit-Wigner form (in MeV) for
the New D0 amplitude. The masses of the resonances from
PDG [14] are also shown in the second column.
This solution is a bit worse (the χ2) than that in
Ref. [9] (χ2 was 156.62/(168− 69) = 1.58) but we have
achieved the right behavior of δ11 for energies below
800 MeV (see the detail in Fig. 1(a)) which allows us
to avoid a polynomial-like extension of the phase shift as
in the case of the S and P amplitudes. In Figs. 1 and
2 for inelasticity η11 and the squared modulus of the S
matrix in inelastic channels one can see even a slight im-
provement in description of the data. Please notice also
that the set of resonances and their masses are in a good
agreement with the PDG tables, see Table I.
C. Fits for the F wave
In the isovector F wave, there are only two resonance
states listed in the PDG summary table which are rele-
vant for the data description below 2 GeV: ρ3(1690) and
ρ3(1990) [14]. For the former, the decay widths into the
ππ, π±π+π−π0, ωπ, KK¯ and KK¯π channels are well
established whereas for the latter the partial widths are
not known. To learn on importance of these resonances
in description of data we performed fits in [17] (Tables
V and VI). We showed that if both resonances are fitted
simultaneously then the mass of ρ3(1990) turns into a
huge number showing that one resonance state is enough
to achieve a reasonable data description. We have there-
fore considered only ρ3(1690) in the analysis of the phase
shift and inelasticity parameter in the ππ scattering [12].
This state is also apparently well seen in the pronounced
data structure.
In the analysis we have included four channels: 1- ππ,
2- effective (2π)(2π), 3- ωπ, and 4- KK¯. The Blatt-
Weisskopf barrier factor in the Breit-Wigner form (5) was
in the case of J = 3
R1j =
225 + 45(µjr1j)
2 + 6(µjr1j)
4 + (µjr1j)
6
225 + 45(2kjr1j)2 + 6(2kjr1j)4 + (2kjr1j)6
, (8)
where µj is equal to
√
M21 − sj. The radii r1j possess a
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FIG. 1: Results of the New D0 (dashed-dotted line), old
D0 [9] (dashed line) and re-fitted (after fitting to data and
dispersion relations) D0 (solid line) amplitudes for the phase
shift (a) and inelasticity (b) of the pipi → pipi scattering are
compared with experimental data from Ref. [12] and the
pseudo data.
common value 0.927 fm [10] that were kept constant in
our analysis. The resonance mass and the Breit-Wigner
parameters f1j were fitted to the data.
In our analysis the dispersion relations directly af-
fect only the energy region below 1100 MeV but the
higher energy region, where the ρ3(1690) resonance is
clearly seen, is influenced indirectly. The F1 amplitude
is, therefore, almost entirely determined by the experi-
mental data. Since the resonance state is described by
the Breit-Wigner form, which works well only in a vicin-
ity of the resonance, we had to take a particular care
of behavior of the amplitude below about 1000 MeV. We
have, therefore, chosen a simple modification of the phase
shift by means of the background phase in the form of
the quadratic polynomial of s
dbgr = exp
[
− i
(2k1√
s
)7(
aα +
4k21
s1
aβ + (
4k21
s1
)2aγ
)]
, (9)
where k1 is equal to
√
s− s1/2 and the parameters aα,
aβ, and aγ were fitted to the data. Similarly as in the case
of the D0 wave we have included pseudo data points but
now 31 for energies 282 MeV <
√
s < 895 MeV. These
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FIG. 2: The same as in Fig. 1 for the squared modulus of the
S matrix for the pipi → KK¯ (a) and pipi → ηη (b).
data were generated by the phenomenological parame-
terization of the amplitudes [2], which ensure the right
values of the scattering length and slope parameter given
in [2].
In the fitting with the four-channel form we found that
only the channels 1 and 2 are important whereas the pa-
rameters f13 and f14 were almost zero. This corresponds
quite well with the observed decay rates of the ρ3(1690)
resonance: 23.6±1.3%, 67±22%, 16±6%, 3.8±1.2%, and
1.58±0.26% into the ππ, π±π+π−π0, ωπ, KK¯π, and
KK¯ channels, respectively [14]. We did therefore a two-
channel fit with χ2/n.d.f. = 136.20/(108 − 6) = 1.34
where the value without the pseudo data is χ2/n.d.f. =
80.84/(77− 6) = 1.38 showing that the pseudo data are
quite consistent with the experimental data used in the
analysis. The resonance parameters are shown in Ta-
ble II and the background parameters are aα = 0.000008,
aβ = −0.000998, and aγ = 0.000016. These parameters
are quite small but they play an important role. In the
fit with only the first term in (9) the χ2/n.d.f. = 4.0
where the main contribution comes from the pseudo data.
This we consider as a strong evidence of the need for the
nonzero additional terms in (9).
To verify that the experimental data can be described
purely by one state ρ3(1690) we fitted only the data with
one Breit-Wigner form without background and assum-
state PDG Mr fr1 fr2 fr3 fr4
ρ3(1690) 1688.8 ± 2.1 1714.0 293.1 498.3 0.0 0.0
TABLE II: Parameters of the Breit-Wigner form (in MeV)
for the New F1 amplitude. The mass of the resonance from
PDG [14] is shown in the second column.
ing two channels 1 and 2 (so called “d-fit”). The free pa-
rameters acquired similar values as those in the previous
fit (Table II):Mr = 1715.9, f11 = 294.0, and f12 = 498.7.
The quality of the fit is a bit worse than of the previous
one, χ2/n.d.f. = 110.18/(77 − 3) = 1.49 (compare the
value of χ2/n.d.f. without the pseudo data), but this
fit clearly demonstrates that the resonance patterns re-
vealed by both the phase shift and the inelasticity param-
eter are produced by single state ρ3(1690). The fit, how-
ever, overpredicts the pseudo data on δ11 in the threshold
energy region (see the detail in Fig. 3(a)) and the calcu-
lated scattering length is by a factor 2 larger than the
value obtained from the GKPY equation [2].
Results of the New F1 amplitude and of the simple
fit only to the experimental data without background
are compared with the data and with the old F1 ampli-
tude [10] in Fig. 3. The result of d-fit for δ11 is shifted
upward with respect to the New F1 in the whole con-
sidered energy region. These results confirm necessity to
introduce the background part of the amplitude (9) to
describe correctly the pseudo data. Improvement is ap-
parent also for energies above 1.8 GeV. The resonance
pattern seen in Fig. 3(b) is a little bit narrower for the
New F1 amplitude than for the old one.
IV. RESULTS OF THE DISPERSIVE ANALYSIS
FOR THE S-, P -, D-, AND F -WAVE
pipi AMPLITUDES
A. Method of analysis
The method of analysis is generally the same as in our
previous work [8] which was briefly recalled in the Sec-
tion II. As the initial amplitudes in the dispersive anal-
ysis we used the New S0-wave amplitude from [8] and
the Old P1 amplitude from [9], both with added poly-
nomial near the threshold (the “extended” amplitudes in
Ref. [8]). For the D0 and F1 waves we used the New am-
plitudes constructed in Sect. III and a correct behavior
of the phase shift near the threshold was controlled by
the pseudo data as in Sect. III. Since there are no res-
onances for S2 and D2 waves, the amplitudes for these
isotensor waves were taken from [2] and kept unchanged
during the analysis. The analysis was performed with
the same GKPY equations for the S and P waves as in
Ref. [8] and with the GKPY equations for the D and F
waves from the work [11]. In the modification of the am-
plitudes we allowed to change only those parameters that
were expected to contribute significantly to the dispersive
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FIG. 3: Results of the New F1 (dash-dotted line), old F1 [10]
(dashed line), the fit only to the experimental data (dotted
line) and refitted (after fitting to data and dispersion rela-
tions) F1 (solid line) amplitudes for the phase shift (a) and
inelasticity parameter (b) of the pipi → pipi scattering are com-
pared with experimental data from Ref. [12] and the pseudo
data (see the detail in (a)).
integrals, i.e. the low-energy resonances and the ππ back-
ground. Definitions of the χ2 functions were analogous
to Eqs. (2-4).
The analysis was split into three steps. In the first
step, (the SP analysis), only the S0 and P1 amplitudes
were modified. In the fitting procedure, the matching
energy and parameters of only f0(500) and f0(980) res-
onances and of the ππ background were free in the S0
wave. Likewise in the P1 wave the matching energy and
parameters of background and only the ρ(770) resonance
were fitted. Note that contrary to Ref. [8] the parameters
of f0(1500) were not changed. Therefore the number of
free parameters in the SP analysis decreased to 31. To
make a comparison with the results from [8] possible we
used in this step the phenomenological D0 and F1 am-
plitudes [2] as in [8].
In the second step, (the DF analysis), we used the final
S0 and P1 amplitudes from the SP analysis and the New
D0 and F1 from Sect. III as initial amplitudes. In this
step, only the latter two amplitudes were successively
modified fitting the parameters of the Breit-Wigner forms
of the f2(1270), f2(1525), f2(1640), f2(1810), f2(2125),
and f2(2300) and ρ3(1690) resonances for the D0 and F1
partial-waves, respectively, together with the background
parameters. The number of free parameters in the DF
analysis was 31.
In the third step, (the SPDF analysis), we started with
the S0 and P1 amplitudes from the SP analysis and with
the D0 and F1 amplitudes from the DF analysis. In this
step we fitted again all free parameters considered above
and arrived at the final form of all four amplitudes that
we denote “re-fitted”. These amplitudes are optimized to
the data and are consistent with the GKPY equations.
B. Results of the SP analysis
Values of the χ2 for each contribution in the SP anal-
ysis are presented distinctly in Tables III and IV. The
total χ2/n.d.f. is 622.36/(572 − 31) = 1.15 which is
the same value as that obtained in Ref. [8] despite the
fact that here we did not include the f0(1500) state.
This justifies omitting parameters of f0(1500) form the
set of free parameters and confirms a stability of the
results. Comparing the χ2/n.d.f. with the initial one
(χ2/n.d.f. = 1520.3/541 = 2.81) shows a big improve-
ment in the fitting.
The components of the χ2Data in the S0 wave have gen-
erally improved with a substantial change in the ππ →
ππ and KK¯ channels. Although the result in the ππ →
ηη′ channel is worse, the total χ2Data improves noticeably
as in Ref. [8]. For the P1 wave, χ2Data of the δ11 slightly
improves but it is slightly worse for η11. As it was ex-
pected a substantial improvement was in the χ2 of the
dispersion relations for S0 like in Ref. [8] which is due
to the crossing symmetry. The 50% improvement in the
χ2DR for P1 is produced mainly by changes in the S0
wave which is coupled to P1 via the kernel in the GKPY
equations (1).
S0 wave
χ2Data δ11 η11 δ12 |S12| |S13|
initial 321.8 132.9 23.0 126.4 35.6 3.89
re-fitted-SP 282.9 118.8 19.4 118.1 21.3 5.40
P1 wave
χ2Data δ11 η11
initial 302.8 264.1 38.7
re-fitted-SP 301.7 262.4 39.3
TABLE III: Values of χ2 for data in the S0 and P1 waves
before (initial) and after (re-fitted-SP) fitting in the SP anal-
ysis.
C. Results of the DF analysis
In order to improve agreement of the D0 and F1 wave
amplitudes constructed in sections III B and III C with
7χ2DR S0 S2 P1
initial 895.7 842.9 8.43 44.3
re-fitted-SP 37.8 7.32 10.3 20.2
TABLE IV: Values of χ2 for the dispersion relations for the S0
and P1 waves before (initial) and after (re-fitted-SP) fitting
in the SP analysis.
crossing symmetry condition, the New D0 and New F1
amplitudes have been fitted to the GKPY dispersion re-
lations and to the data, where the S0- and P1-wave am-
plitudes were from the SP analysis (section IVB) and
remained fixed. Hence, the total χ2 in Eq. (2) was com-
posed of eight parts: two parts for χ2Data(k) in Eq. (3)
for D0 and F1 partial-waves and six parts for χ2DR(k) in
Eq. (4) for all partial-waves, namely S0, S2, P1, D0, D2
and F1.
D. Results of the SPDF analysis
In the third-last step of our analysis, the total χ2 in Eq.
(2) was composed of ten parts. Four parts for χ2Data(k)
in Eq. (3) for S0, P1, D0, and F1 partial-waves and six
parts for χ2DR(k) in Eq. (4) for all considered partial-
waves, namely S0, S2, P1, D0, D2, and F1.
S0 wave
χ2Data δ11 η11 δ12 |S12| |S13|
initial 321.8 132.9 23.0 126.4 35.6 3.89
re-fitted 292.2 129.3 19.2 117.5 21.1 5.02
P1 wave
χ2Data δ11 η11
initial 302.8 264.1 38.7
re-fitted 299.3 260.7 38.6
TABLE V: Values of χ2 for data in the S0 and P1 waves be-
fore (initial) and after (re-fitted) fitting in the SPDF analysis.
D0 wave F1 wave
χ2Data δ11 η11 |S13| |S14| χ2Data δ11 η11
initial 242.3 137.0 76.7 21.1 7.44 136.5 120.4 16.1
re-fitted 218.7 128.3 64.1 18.1 8.1 137.3 120.8 16.6
TABLE VI: Values of χ2 for data in the D0 and F1 waves
before (initial) and after (re-fitted) fitting in the SPDF anal-
ysis.
The value of the χ2 in the SPDF analysis after fit-
ting to the data and dispersion relations is χ2/n.d.f. =
1061.5/895 = 1.19 which is almost the same as the value
in the SP analysis though it includes also contributions
of χ2Data from the multi-channel D0 and F1 amplitudes.
χ2DR S0 S2 P1 D0 D2 F1
initial 313.2 107.8 24.4 18.0 125.1 16.8 21.2
re-fitted 113.9 5.05 17.9 27.8 27.5 15.8 19.9
TABLE VII: Values of χ2 for the dispersion relations for all
waves before (initial) and after (re-fitted) fitting in the SPDF
analysis.
Remind that in the SP analysis we used phenomenologi-
cal parameterizations of the D0- and F1-wave ππ ampli-
tudes from [2].
Tables V-VII show the χ2 of the data and the disper-
sion relations for all waves distinctly. The values of the
χ2Data for the S0 and D0 waves have generally improved
except in the ππ → ηη′ channel for the S0 wave and ππ
→ ηη channel for the D0 one. Description of data in
this inelastic channel tends to be worse for both S0 and
D0 waves (see |S13| in Table V and |S14| in Table VI)
which can be attributed to the coupling between these
two waves. Description of data in the P1 wave slightly
improved for both phase shift and inelasticity. The χ2Data
for the F1 wave almost did not change because the pa-
rameters of the New F1 amplitude are not too much af-
fected by fitting the dispersion relations. All components
of the χ2DR, except that for P1, are smaller after fitting
with a substantial improvement for the S0 andD0 waves.
Note that the initial values of the χ2DR for the S0 and
P1 waves in Table VII differ from the final values in Ta-
ble IV due to different D0 and F1 amplitudes used in the
analysis. In the SP analysis, the D0 and F1 amplitudes
are from [2] and not modified while in the SPDF analy-
sis we used the New D0 and New F1 amplitudes. It is
especially well seen for the initial value of the χ2DR for
the P1 wave which is smaller in the SPDF analysis (18.0)
than in the SP one (44.3). Finally it becomes larger but
still comparable with the final value in the SP analysis.
This suggests quite strong influence of the other ampli-
tudes (especially New F1) on the P1 amplitude in the
dispersive analysis.
Comparing results of the SPDF and SP analysis for the
S0 wave we see that description of the phase shift δ11 is
slightly worse in the SPDF analysis. This we attribute
to the influence of the New D0 and New F1 amplitudes,
especially of the former as there is stronger correlation
between these two waves (S0 and D0). This can be par-
ticularly well seen in a comparison of the final (re-fitted-
SP) values of χ2DR for S0 and S2 in Table IV with the
initial values in Table VII.
In Table VIII we show influence of fitting parameters of
the f0(1500) on the results in the SP and SPDF analyses
to see significance of this resonance in the analysis. As
it was expected from the previous analysis in Ref. [8] for
the S and P waves, results are not too much sensitive to
changes of the f0(1500)-resonance parameters. Although
the χ2 is smaller when parameters of f0(1500) resonance
are free, the χ2/n.d.f. do not change. This corroborates
our previous results of the analysis in Ref. [8] where pa-
8rameters of f0(1500) changed very slightly.
χ2/n.d.f. (f0(1500) fixed) χ
2/n.d.f. (f0(1500) free)
χ2(SP) 622.4/541=1.15 609.7/529=1.15
χ2(SPDF) 1061.5/895=1.19 1053.6/883=1.19
TABLE VIII: Values of the χ2/n.d.f. for the SP and SPDF
analyzes when parameters of the f0(1500) resonance are fixed
or free in fitting.
V. DISCUSSION
In Tables IX - XII, we provide a comparison of pa-
rameters of the original (“New” amplitude from [8] in
case of the S0 wave) and re-fitted S0- and P1-wave am-
plitudes in the SPDF analysis. A substantial change of
the parameters after the analysis is a shift of the posi-
tion of the σ pole on sheet II. The new pole position,
(477.6 ± 14 − i 302.0 ± 14 MeV) is within three stan-
dard deviations consistent with the result in Ref. [8],
(445.2 ± 14 − i 296.4 ± 14 MeV) demonstrating a sta-
bility of the results. This new value is also compat-
ible with that presented by Particle Data Group [14]
(400 − 550) − i(200 − 350) MeV. The pole positions of
the f0(980) resonance did not change too much. The real
and imaginary parts became only slightly smaller and are
compatible with the values presented in [8]. In the P1
wave, the position of the ρ(770)-pole on the Riemann
sheet VI was shifted significantly toward smaller ener-
gies and closer to the real axis. This, however, does not
affect a data description as this pole is far from the phys-
ical region. Note, however, that the sheet VI is directly
connected with the physical one above the ρσ threshold
and therefore a pole lying on the sheet VI near the real
axis above the ρσ threshold, in many cases, can influence
appreciably description of the data.
The background parameters of the S0 and P1 waves
changed moderately showing that the background part
plays only a marginal role in the amplitude. The match-
ing energy
√
s00 became bigger in comparison to that
in [8]. One may attribute this to the influence of the
New D0 wave. On the contrary the matching energy√
s01 for the P1 wave is similar to that in [8]. For the P1
wave the background parameter b acquired a very small
negative value which affects inelasticity of the P1 wave,
slightly violating unitarity for energies near 1.8 GeV (see
Fig. 6(b)).
Figures 4 - 6 illustrate the results of the re-fitted S0
and P1 amplitudes for the phase shift and inelasticities
in the ππ → ππ, KK¯ and ηη′ channels compared to the
original amplitudes and available experimental data. Our
final results describe the data very well in all considered
channels. An improvement is especially apparent for the
elastic phases δ11 for both waves in the low-energy region.
The turn observed at 1.28 GeV in Fig. 4(b) for inelasticity
Sheet original re-fitted
f0(500)
II Er 562.9 477.6
Γr/2 417.1 302.0
III Er 594.7 717.6
Γr/2 417.1 300.4
VI Er 615.1 422.2
Γr/2 417.1 448.5
VII Er 583.3 602.7
Γr/2 417.1 206.7
f0(980)
II Er 1007.6 999.6
Γr/2 29.4 21.0
III Er 984.5 975.5
Γr/2 55.1 22.1
TABLE IX: Real (Er) and imaginary (Γr/2) parts of poles on
the Riemann sheets of two lowest resonances in the S0 am-
plitude before (original) and after (re-fitted) the full analysis.
The values are in MeV.
Parameter original re-fitted
a11 -0.0131 -0.07870
a1σ 0.0 0.13210
a1v 0.046 -0.13380
a1η -0.0302 -0.01832
b1σ 0.0 0.09207
b1v 0.0573 0.01855
b1η 0.0 -0.03753√
s00 406.5 495.0
TABLE X: Values of the background parameters and the
matching energy
√
s00 (in MeV) for the S0 wave before (orig-
inal) and after (re-fitted) the full analysis.
of the S0 wave in ππ → ππ is due to opening of the σσ
channel included in the background part [8].
The new (re-fitted) parameters of theD0 and F1 waves
in the SPDF analysis are given in Tables XIII and XIV.
The re-fitted background parameters of the D0 ampli-
tude are: α11 = 0.0011853, α13 = 0.037747, α10 =
−0.46722, β1 = 0.15631, β3 = −8.5280, β4 = −11.4446,
γ1 = −0.31272, γ3 = 9.9804, and γ4 = 14.8899. The re-
fitted background parameters of the F1 amplitude are:
aα = 0.0000132, aβ = −0.00102, and aγ = 0.0000151.
Note that contributions of the big magnitudes of the pa-
rameters β3 and γ3 in the KK¯ channel and β4 and γ4 in
the ηη channel tend to cancel each other above the effec-
tive vector-vector channel (sv) in the background part,
see the formulas and text below Eq. (7). Similar correla-
tions between βj and γj were observed also in the data
analysis performed in Sect. IIIB.
A comparison of Tables II and XIV shows that the
parameters of the F1 wave changed only slightly as it
9Sheet original re-fitted
ρ(770)
II Er 766.0 765.4
Γr/2 72.5 73.0
III Er 758.7 799.4
Γr/2 72.5 53.7
VI Er 753.5 1.28
Γr/2 72.5 0.49
VII Er 760.8.2 1051.5
Γr/2 72.5 8.09
TABLE XI: The same as in Table IX but for the ρ(770) res-
onance in the P1 wave.
Parameter original re-fitted
a -0.2860 -0.33148
b 0.00012 -0.00008√
s01 643.6 637.3
TABLE XII: The same as in Table X but for the P1 wave.
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FIG. 4: Results of the original S0 (dashed line) and re-fitted
(after fitting to data and dispersion relations) S0 (solid line)
amplitudes for the phase shift (a) and inelasticity (b) of the
pipi → pipi scattering are compared with experimental data.
can be also seen from a comparison of the initial and re-
fitted values of the χ2Data in Table VI. Such comparison
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FIG. 5: The same as in Fig. 4 for the squared modulus of the
S matrix for the pipi → KK¯ (a) and pipi → ηη′ (b).
is more complicated for the D0 amplitude since there are
more resonance states with more free parameters. Anal-
ysis shows that some D0 resonances are irrelevant and
some of them have weighty decay widths (fri) only in
two or three channels. For example, the decay widths
of f2(1640) into the ππ and ηη channels are practically
zero after the dispersive analysis (compare Tables I and
XIII) which is compatible with PDG [14] where only the
2π2π and KK¯ decays are seen. Similarly the f2(2300)
resonance reveals a very weak coupling/branching to the
2π2π channel after the dispersive analysis. The f2(1525)
resonance with a negligible decay width into the ππ chan-
nel [14] has also a small value of the parameter fr1 in our
analysis. Note that in the latest issue of PDG [14] only
decays of the f2(1270) and f2(1525) resonances into the
ππ, 2π2π, KK¯, and ηη channels are precisely determined
whereas for the other resonance states mostly a status
“seen” is reported.
Results for the phase shifts and inelasticities for the D0
and F1 waves are presented in Figs. 1 - 3. The dispersive
analysis practically did not affect the description of the
elastic phase shifts δ11 in both waves. The same holds
true for the inelasticity parameter in the F1 wave. On
the contrary inelasticity in the D0 wave for the ππ → ππ
channel has improved significantly, especially around 1
and 1.3 GeV. In the 1 GeV region the New D0 ampli-
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amplitudes for the phase shift (a) and inelasticity (b) of the
pipi → pipi scattering are compared with experimental data
and pseudo data points.
state Mr fr1 fr2 fr3 fr4
f2(1270) 1275.5 451.6 77.3 121.0 64.7
f2(1525) 1570.7 76.3 400.8 999.0 922.9
f2(1640) 1639.0 0.002 356.3 222.0 0.0002
f2(1810) 1815.0 120.4 813.0 999.0 873.2
f2(2150) 2157.0 11.7 842.8 803.4 999.0
f2(2300) 2181.6 27.0 0.0005 453.5 142.9
TABLE XIII: Parameters of the Breit-Wigner form (in MeV)
for theD0 wave after fitting in the SPDF analysis. The initial
values of the parameters are in Table I. The masses were not
changed in the dispersive analysis.
tude slightly violates unitarity which has been cured in
its re-fitted version. The description becomes slightly
worse around 1.5 GeV. One can also say that the modu-
lus squared of S13 (ππ → KK¯) is also more realistic after
the dispersive analysis, especially in the peak region. No-
ticeable changes are also apparent in behavior of |S14|2
(ππ → ηη) in Fig. 2(b).
We have performed various fits to learn which D0 reso-
nance states are dominant or ineffective in our approach.
Results show that not all first four lightest states, i.e.
state Mr fr1 fr2 fr3 fr4
ρ3(1690) 1713.7 291.6 497.8 0.0 0.0
TABLE XIV: Parameters of the Breit-Wigner form (in MeV)
for the F1 wave after fitting in the SPDF analysis. The initial
values of the parameters are in Table II. The mass of the
resonance was not changed in the dispersive analysis.
f2(1270), f2(1430), f2(1525), and f2(1640), are the most
relevant states in the analysis, as one would naively ex-
pect. This is demonstrated in Table XV which shows the
χ2 for the fits with one particular resonance omitted.
The χ2 was composed of the χ2Data for the D0 wave
and χ2DR for all partial-waves. Values of the χ
2 in the
fits No. 9, 11, and 12 are almost equal to the value in
the fit No. 1 with all resonance states included. Accord-
ingly, one can conclude that the f2(2010), f2(2300), and
f2(2340) resonances are insignificant in the description.
Values of the χ2 in the fits No. 3, 5, 7, and 8 show that al-
though the f2(1430), f2(1640) , f2(1910) and f2(1950) do
not play a very important role in the data description one
should keep them. The other states, f2(1525), f2(1810),
and f2(2150), influence behavior of the amplitude even
more. Obviously the most significant resonance which
dominates behavior of the amplitude is the f2(1270) res-
onance.
Fit No. χ2/n.d.f.
1 All states included 326.21/330=0.9885
Omitted Resonances
2 f2(1270) 5838.8/330=17.69
3 f2(1430) 327.39/330=0.9921
4 f2(1525) 336.97/330=1.0211
5 f2(1640) 327.76/330=0.9932
6 f2(1810) 348.07/330=1.0548
7 f2(1910) 327.36/330=0.9920
8 f2(1950) 327.26/330=0.9917
9 f2(2010) 326.68/330=0.9899
10 f2(2150) 368.81/330=1.1176
11 f2(2300) 326.54/330=0.9895
12 f2(2340) 326.64/330=0.9898
TABLE XV: Values of χ2 after fitting with omitted some
specific resonance state in the D0 wave.
A. Full pipi amplitude
The set of all important partial-wave amplitudes mod-
ified and re-fitted in the previous sections allowed us to
construct the full ππ amplitude and to calculate the to-
tal and differential ππ → ππ cross section up to about
2 GeV. In the following we briefly summarize the ba-
sic formulas to clarify the normalization and the partial-
11
wave decomposition.
The partial-wave amplitudes are related to the phase
shift and inelasticity as
tIℓ (s) =
√
s
4ik1
[ηIℓ(s) e
2iδIℓ(s) − 1] (10)
and summed with the Legendre polynomials Pℓ(cosθ)
give the full invariant ππ amplitude T I(s, t) in a given
isospin channel I
T I(s, t) = 32π
∑
ℓ
(2ℓ+ 1) tIℓ (s)Pℓ(cosθ), (11)
where θ is the scattering angle between two pions in the
c.m. frame.
The full invariant amplitude for the π+π− scattering
is
Tπ+π−(s, t) =
1
3
T 0(s, t) + 1
2
T 1(s, t) + 1
6
T 2(s, t) (12)
which gives the differential cross section in the c.m. frame
dσπ+π−
dΩ
=
1
64π2s
|Tπ+π− |2 , (13)
and the total cross section
σtotπ+π−(s) =
ImTπ+π−(s, θ=0)
2k1
√
s
. (14)
The total cross section and its components from the
individual partial-waves are presented on Fig. 7. Well
seen is the dominance of the f0(500) and ρ(770) below
1 GeV. Two maxima above this energy are formed mostly
by f2(1270) and ρ3(1690). Other waves - S2 and D2 have
minor influence on the cross section. Our theoretical pre-
dictions very well agree with data from [12, 18]. Worthy
is to notice that such good agreement has been achieved
without fitting directly to these data. Uncertainties of
the total cross sections presented on the figure were cal-
culated using the Monte Carlo method for 1000 randomly
generated sets of all free, in minimizations, parameters
taken within their 1 σ deviation.
In many experimental analyses performed in the seven-
ties (see some papers in [12, 19]) the f0(500) was replaced
by a very broad and heavier (with mass around 1 GeV)
resonance. Its influence on the phase shifts and cross
sections was weaker and distributed in a wider energy
range. Therefore, it is interesting to see how the cross
section would look if the f0(500) has been removed from
the analysis. We demonstrate it on Fig. 8. Of course
the main difference, in comparison with Fig. 7, concerns
region below 0.7 GeV which is almost completely deter-
mined by the f0(500). Small enhancement near the ππ
threshold is caused by the fixed scalar-isoscalar scatter-
ing length and the slope parameter. It is worth to pay
attention on completely different behavior of the cross
section on Figs. 7 and 8 near the KK¯ threshold where
one observes the f0(980). In the cross sections without
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FIG. 7: Prediction of the total cross section in the low-energy
region is shown for the pi+pi− → pi+pi− scattering. Presented
are the contributions from most important partial-waves (a)
and also for weaker amplitudes (b). The gray band on (a)
represents uncertainties of the total cross section. Data are
from [12] (dots) and [18] (the six points above 1200 MeV with
bigger errors).
the f0(500) clearly seen is a small peak instead of the
deep minimum seen on Fig. 7. The peak appears due
to absence of about 90 degree component in the S wave
phase shift generated by the f0(500) pole and zero. On
Fig. 8 one can also see that the interference of the f0(500)
with all other amplitudes is positive in the whole energy
range except of the region between around 1.5 GeV and
1.7 GeV and vicinity of the small peak around 1 GeV.
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FIG. 8: Prediction of the total and S-wave cross sections in
the low-energy region with and without f0(500) are shown for
the pi+pi− → pi+pi− scattering.
The elastic differential cross sections at two energies:
550 MeV and 770 MeV are presented on Fig. 9. Clearly
seen is, as expected, the significant role of the S-wave at
550 MeV (dominated by the f0(500)). An interference
between the S and P waves producing the enhancement
at forward angles is substantial and interference with
other waves - only noticeable. In vicinity of the ρ(770)
the cross section is, of course, dominated by the P -wave.
Again, the interference between the S and P waves is
very important and interference with other waves barely
noticeable.
VI. CONCLUSIONS
We have constructed new multi-channel D0- and
F1-wave ππ amplitudes using the multi-channel Breit-
Wigner formalism. When constructing the D0 wave we
utilized the tensor-isoscalar resonances presented in the
latest issue of the PDG tables. We showed that the data
in the F1-wave can be satisfactorily described considering
only one resonance ρ3(1690). The other state ρ3(1990)
also listed in PDG appeared as unnecessary in the data
description.
The previously constructed S0- and P1-wave multi-
channel amplitudes and the new ones, D0 and F1, were
modified in the dispersive analysis using the Roy-like
equations (GKPY). The isotensor amplitudes S2 andD2,
also used in the analysis, were taken in the phenomeno-
logical form and were not changed.
The modified (re-fitted) partial-wave multi-channel
amplitudes S0, P1, D0, and F1 are optimized to the
experimental data in the considered channels and they
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FIG. 9: Angular dependence of the cross section for two en-
ergies is shown as predicted in the pi+pi− scattering. Contri-
butions from particular partial-waves are shown.
fulfill the crossing symmetry condition imposed by the
GKPY dispersion equations. The overall description of
the data is satisfactory. In the S0-wave amplitude a po-
sition of the f0(500) pole on the second Riemann sheet
was changed to the value very well consistent with the
PDG values and with our previous result. In the analy-
sis of the D0 wave we concluded that apart of the dom-
inant f2(1270) state the resonances f2(1525), f2(1810),
and f2(2150) also do play an important role in the data
description and are also required in the dispersive anal-
ysis.
The modified partial-wave amplitudes were utilized in
constructing the full invariant ππ scattering amplitude
and the cross sections were calculated.
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